Recursive LMMSE Filtering for Target Tracking with Range an d
Direction Cosine Measurements

Zhansheng Duan YulLiu X.RonglLi
Department of Electrical Engineering
University of New Orleans
New Orleans, LA 70148, U.S.A.
{zduan,lyu2 xlt @uno.edu

Abstract — Due to the nonlinear relationship betweercoordinates so that the converted measurement model takes
Cartesian coordinates and range-direction-cosine coorda pseudo linear form with respect to the target motion state
nates, target tracking of state described in Cartesian eoadescribed in Cartesian coordinates. In this way, it is hoped
dinates with range and direction cosine measurements ighat the Kalman filter can be applied. Unfortunately, the
nonlinear filtering problem. Measurement conversion basednverted measurement errors are state dependent and have
Kalman filter available for this type of problem has sombiases. Numerous ways have been proposed to debias the
serious drawbacks. Depending on whether measurementofiverted measurements [5]. For instance, [6, 7, 8] prapose
the third direction cosine is directly available, two reeurto use additive debiasing, and [9, 10] proposed to use mul-
sive linear minimum mean-squared error (LMMSE) filtersplicative debiasing. [11] proposed the recursive LMMSE
for target tracking with range and direction cosine measurdilter with respect to the converted measurements. [12, 13]
ments are developed in this paper. lllustrative numerigal eextended debiased conversion to the case when range rate
amples show that in terms of credibility and accuracy, thmeasurements are also available.

proposed filters should be preferred. For the scan-while-track surveillance system, such as the

Keywords: LMMSE, target tracking, range, direction cofphased array radar, the measurements are usually provided

sine, nonlinear filtering. in RUV coordinates [5, 14, 15, 16, 17, 18, 19]. That is, what
is available is range and two direction cosine measurements
1 Introduction Specifically designed target tracking algorithms for tiijset

In tracking applications. taraet dvnamics are usuall mogf radar are also available. For example, by using the first-
g app , arget dy y arder and second-order Taylor series expansions, [8, 20] de

eled in Cartesian coordinates, while the measurements ar? . .
: . . L . veloped Kalman filters for this type of problem based on de-
directly available in the original sensor coordinates. Dye

. . . . . __Dbiased measurement conversion. As pointed out in [5, 11],
to the nonlinear relationship between Cartesian coordina : . .
. T . . __the Kalman filter based on debaised conversion of measure-
and sensor coordinates, tracking in Cartesian coordinates . . ;
. . . . .-ment model from polar or spherical coordinates to Cartesian
using measurements available in sensor coordinates is_In . ; . .
. N - ._—coordinates has the following serious drawbacks. First, th
essence a nonlinear filtering problem. Existing nonlmeg{anverted measurement errors are state dependent; second
filtering algorithms, e.g., extended Kalman filter (EKF),[1] P ' '

unscented filtering (UF) [2], the second-order Stirling int_he|rcovar|ances are estimated conditioned on the measure

terpolation based filter (DD2) [3], and Gaussian filter [4 ent or state; th_|rd, the converted measurement error se-
f : . A uence is not white any more. However, in the assumptions
or general nonlinear systems can be applied to this pro

lem. But since the nonlinear relationship between the C—ZarP . . ) o . .
P (% the state, its covariance is unconditional, and it is @hit

sian coordinates and sensor coordinates is explicitly ImOWI'hese drawbacks cannot be overcome in the existing debi-
specifically designed nonlinear filters may behave better. . .
ased conversion based methods [6, 7, 8, 9, 10]. Since the

In a track-while-scan surveillance system, the radar c%n

. ; . egiased conversion based Kalman filters in [8, 20] follow
provide measurements, e.g., range, bearing, elevation

. . . "f}q]e same idea, they are not free of these drawbacks either.
range rate, in polar or spherical coordinates [5]. Specif-

ically designed target tracking algorithms for this type of In this paper, we want to extend the work in [11] to tar-

radar abound. One popular idea is to convert the measuget tracking with range and direction cosine measurements.

ment model in polar or spherical coordinates to Cartesidihat is, we want to develop a recursive LMMSE filter for
*Research supported in part by NSFC grant 60602026, AF{Oghmutarget tracking in the RUV coordinates. It is shown that
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1169, and NAVO through Contract # N62306-09-P-3S01. of direct measurement of the third direction cosine. For the

the Kalman filter, the measurement noise is independent




case when the third direction cosine is measured, we pd- Recursive LMMSE filter with mea-
pose a neat recursive LMMSE filter with range and direction sured w™
cosine measurements; otherwise, by constructing a pseudo
measurement of the third direction cosine, we also propds@m the appendix of [11], it is easy to verify that the fol-
a slightly more complicated recursive LMMSE filter withlowing two lemmas hold for LMMSE estimation.
range and two directly measured direction cosine measureLemma 1 For a scalar-valued, if v is uncorrelated with
ments. lllustrative examples are provided to compare theandz, then
proposed filters with some existing algorithms in terms of
credibility and estimation accuracy. E*[yz|z] = E[y|E"[z]z]
The paper is organized as follows. Sec. 2 formulates the
problem. Sec. 3 presents a recursive LMMSE filter when Lemma 2 For LMMSE estimation error covariance,
the third direction cosine measurement is directly avéglab i
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Sec. 4 presents a recursive LMMSE filter when the third di- o) = E[(z — 2)(
rection cosine measurement is not directly available. Sec. cov(z, ) = E[(x — Z)(
provides some illustrative examples. Sec. 6 gives conclu-
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sions. where
2 Problem formulation i=F*zlz), i=x—4
To simplify discussion, consider only the following linear g=E"ylzl, y=y—9

target dynamics described in Cartesian coordinates
First, let us consider the case in which the third direction

Xp=Fr 1 X1+ GaaWi cosine measurement

whereX, = [z &1 yr Yr 2k 2k | is the target
state vector at timé, (V) is a zero-mean white noise se-
quence with covariana@;, > 0, E[Xo] = Xo, cov(Xy) =
py.

wy' = wk +ng

is also available, where

A radar located at the origin of the Cartesian coordinates Wi = 21T
measures rangg’, two direction cosines;’ andv;* of the
target as and(n}’) is a zero-mean white noise sequence with variance
2 w\ it i T u
P = e 4l wav.>AIso, (n}) is statistically independent ¢f},), (n}') and
ul' = up +ny (1) "l . . . .
k k k Correspondingly in the Cartesian coordinates, we have
vp = vk + Ny ()
2zt =rtwyt = (re +ny)(wk + ng
here P = = (e n) e+ )
=z + RNy, + weng, + g, (5)
Tk =/ 17% “l‘yl% + Z]%? Uy = Tk /T, Vk = Yr/Tk
Denote
(n},), (n}) and(n}) are all zero-mean white noise sequences Zpy=1ap yr 2]

with variancess2, o2 ando?, respectively; alsony), (n¥) _ _

and(ny) are independent of each other, and independentidien by the two lemmas above, for the case in which all

Xo and(Wy,). three direction cosine measuremenis, v;* andw;* are
The range and two direction cosine measurements candb€ctly available, the following theorem holds.

transformed inta:}* andy}" in the Cartesian coordinates as Theorem 1 (LMMSE filter with measured wj). If
the third direction cosine measuremen’ is also avail-

zy' =1y = (g +ng) (ug + ny) able, givenX; ;1 = E*[Xp_1|Z"7Y], Piijpor =
= ) + Ry + uRng + ngng (3) MSE(X,_1jx_1), the LMMSE estimate o, is:

Y = ol = (1, +n)(vg +nb) Prediction:
= Yk + TNy + vy + npng (4)

_ _ X1 = Fr—1 X151

Cari';]htlﬁepﬁfﬂe'\;isvvlzesv;ﬁr;go estimate the state as best as we Pypy = Fk71Pk_1\k_1Fé71 G Qrn Gl
Remark:Note that in the above formulation, we only need Update:

to know the first two moments of the measurement noise,

while in [11, 6, 7, 8, 9, 10], distribution of the measurement Xk|k — Xk|k—1 + Chip155  Zija

noise must be known. For example, it was assumed therein

_ —1,v
that measurement noise is Gaussian distributed. Prik = Prjk—1 = Crjr—15 Oklk—l



where

Zyjhr = 21, — ZAk|k71

Zk\k 1= [Xk|k 1(1 )an|kfl(3)an|kfl(5)]/ TRl TRyl TRz
Cijk—1 = [Prjr—1(5 1), Prjr—1(553), Prj—1(:,5)] Tray'  TRYR TRz
Sk = [Sk(d,4)]3 j= O B A T
kT UkYK  UkZh
Se(1,1) = Py (1, )+02E[7‘k]+03E[ 2l + 0202 22yl e
Sk(1,2) = Sk(2,1) = Py—1(1,3) + 07 Eluguvy] ZRTy ZRYR Zkzy
Sk(1,3) = Sk(3,1) = Pyj—1(1,5) + 02 Eugwy] Thpk-1Zkik-1 Brjp-10kk-1 Bhjk—12klk—1
Sk(272):Pk‘k_1(3,3)—|—0'2E['rk]—|—ng[ 2+ 0202 iL’k|k 1l’k|k 1 Ik\k 1yk|k 1 iL’k|k 1Zk|k 1
yk\k 1l’k|k 1 yk|k lyk\k 1 yk\k 1Zk|k 1
S1(2,3) = Si(3,2) = P, 3,5)+ 02FE -F S " A A
k(2,3) K(3,2) = Kk 1(3:5) 02 o] yk|k 1l’k|k 1 Yrlk—1Yklk—1  Yk|k—17k|k—1
Sk(3,3) = Pijp—1(5,5) + 03, E[ri] + o7 E[w}] + o7 oy, Zhlk—1Thik—1  Zhlk—10klk—1  Zk|k—1Zk[k—1
Zhlk—1Thik—1  Zhlk—1Uklk—1  Zk|k—12k[k—1
Proof: where
Given X 1jx_1 andP;_1j;_1, it follows easily from the Elzxaf'| = Elex (@x +reng + wpnj, + ning)] = Elzyay]
property of LMMSE estimation that and similarly,
. . - 5 Eleryy'] = Eleryr], Elrrzg'] = Elaogz
B e Blinaf] = Blial, Blingi’] = Bliny. Bliaf] =
Prjp—1 = MSE(Xjk—1) Elyrry'] = Elyexel, Elyeyr’] = Elyryel, Elyezi’] = Elyi
/! / . m . m m
= Fi-1Pe1jp—1 Py + Gr1Qu-1Gyy Elykay'] = Elyerr], Elyeyr'] = Elkyel, Eljrzr'] = E
Elzpay'] = Elzpar], Elzkyy'] = Elziykl, Elzzy'] =
The LMMSE estimatorE*[ X | Z*] always has the fol- Elzwai’] = Elgar], Blavyi'] = Elzeyil, Elawzi'] =
lowing quasi-recursivéorm [21] Thus

Xk\k = E*[Xy|Z"] = E*[Xx| ZFY, Z4]
= Xk|k71 + Ck|kflsk_12k\k71

From Lemma 1 and the property of LMMSE estimation,

we have

ZAk|k71 = E*[Z| 2"
= [E* 212", E* [y | 257, B 1 22

From Lemma 2, we have

Crlk—1

= COV( X1, Ziji-1) = BE[Xe Z4] — E[Xpje-1Zk 1)

Crji—1 = [Prjp—105 1), Prjr—1(,3), Prje—1(:,5)]
Furthermore, from Lemma 2, we have

Sk = COV(Zy1,—1) = E[Zi 2] — ElZjp—1Z1y 1)

T A
=B YT Uy Yk gk
w2y A
Trp—1Thip—1  Thlk—1Tklk—1  Thjk—1Zk|k—1
—E | ep—1Zrik—1 Urk—10kik—1  Yk|k—12k]k—1
Zik—1Th|k—1  Zk|k—1Uk[k—1 Zk|k—12k|k—1

where

Elaj 2]

where

E* 2|25 = E*[xp + rent 4+ upnl, + ninl | 2571
= E* x| 257 = @1 = X1 (1)

and similarly,

E* yp |25 = Gre—r1 = Xije-1(3)
E*[2"| 257 = 21 = Xijp—1(5)

= El(zx + ranj; + ugng, +ning) ()]
= Elarar] + Elrf (n})*] + Eluf (n})*] + E[(n},)” (n})’]
= Elwgay] + 02 E[ri] + 02 E[ui] + o202

and similarly,
Elai'yi] = Elyiai] = Elziyr] + o7 Elugvy]
E[z"2") = E[z]'x] = Elzrzi] + 02 Elugpwy]
Elyiyi'l = Elyeyr] + 0L Elri] + 0 E[v}] + 070,
Elyi' 2] = Elzi"yi’) = Elykzi] + o7 Elojwy]
E[z"2] = Elzpzr] + 02 E[ri] + 02 E[w?] + 0202



Thus Denote

Sk(1,1) = Py (1,1) + 02 E[r2] + 02 E[u?] + 0202 Ze=la w oA

Sk(1,2) = Sk(2,1) = Pyp—1(1,3) + o2 Elugvy] Then for the case without measurei’, the following the-
orem holds.

Si(1,3) = Sx(3,1) = P (1,5) + 77 Elusun] Theorem 2 (LMMSE filter without measured w}). If

Sk(2,2) = Py-1(3,3) + 0y Elri] + 07 B[] + 070y the third direction cosine measuremeny’ is not avail-

Sk(2,3) = Sk(3,2) = Py—1(3,5) + 02 E[vgwy] able, givenX; 1 = E*[Xx_1|Z"Y], Poipy =

Sk(3,3) = Prjgp—1(5,5) + 02 E[ri] + o2E[w?] + 0202 MSE(X;_1)x—1), the LMMSE estimator o, is:

Prediction: Same as in LMMSE filter with measureft.

N Update: Same as in LMMSE filter with measureg®*
Remark:Sincery, vy, v, andw;, are all nonlinear func- except that

tions of Xy, the expectation&[r?], E[ui], E[v], E[w?],

Elugvg], Elurwy] and E[vgwyg] in Theorem 1 can be ap- 2 — % 1. X 3) zm
proximated by unscented transformation (UT). Only the UT b=t = [ X1 (1), K1 (3) “lk 13]
for E[r?] is shown below for illustration, and the others can Crje—1 = [Prjs—1(: 1), Peyr—1(3), Cfjp,]

be done similarly. Si(5,3) = Si(3,:) = g(3)
53) = ) =5,
27 2 2 2
Elry] = Elz; + yi + 2] By = E*[rk\/l — (ug +nY)2 — (v +nY)2 25

6
S aD(@P (1)) + (X0 E)2 + (X G)?) Oy = Bl = Xip) G = )]
== S,i'3) =E[(Z; — ZAk|k—1)(ercn = Zile—1)]

Q

where
0 ) o i Proof:
Xy = Xklkfla X" = Xppe—1 £ [((6 + £) Prj—1)? i From Lemma 1 and the property of LMMSE estimation,
a0 — o) = 1 =126 we have
6+k’ 2(6 + k)

A *[,m —11 A m
Zyi-13) = E* [ 251 = 2

[AZ]; is thei-th column of the Cholesky decomposition of

square matrix4. The design parameterprovides an extra = E*[ry, \/1 — (ur +n})? = (vp +n})?
degree of freedom to “fine tune” the higher order moments . 1
of the approximation and can be any number (positive or + 1y, \/1 = (u +ny)? = (ve +1p)? 127

negative) provided that + x # 0.

4 Recursive LMMSE filter without

measuredw;”

As described in the problem formulation parg isusually ¢, (:,3) = cov{ Xy, ] = C}gi )
not measured in the current radar. This makes the corre- !

= B lrioy/1 = (un +n)? — (v + )| 2]

From Lemma 2, we have

sponding LMMSE estimation problem much harder. = E[(Xk — Xk\k—l)(ZIT - 51@\1@—1)]
. i L A L
byOne popular way is to construct a pseudo measurement Sk(3) = Sk(3,2)' = coviZyys_ e Sl(c 3)
= E((Zi — Zyjp—1) (23" — 2le—1)]
wi' —\/1— (upr)? — (vp)? (6) -
= \/1 = (uk +nj)? — (vk + np)? Remark:in Theorem 2 E[r2], E[u2], E[v2] andE[usvs]

can be approximated in the same way as in Theorem 1.
Then the range and direction cosine measurements can bRemark: Sincew!™ is not directly measured in this case,

transformed ta}’, ;" andz;" in the Cartesian coordinates,;m
as in (3), (4) and (5), witw}* replaced by (6) so that

, does not have a nice form as in Theorem 1. It can be
approximated by some moment matching techniques [22],
e.g., UT, as

o =l = (k) /1= (a4 n)? — (o + n)?
:rk\/l—(uk—i—nZ)z—(karnZ)z éﬁk—le*[r’“\/l_(uk—Fn%) — (o +n})?1 2"

9 . .
~ E (4) ,(9)
+ nZ\/l = (uk +np)? = (vk +np)? M2




where The estimation accuracy measures used are root mean-
squared (RMS) position and velocity errors. The filter cred-
() _ r,gj) \/1 _ (ul(j) + y]gj) (8))2 — (vl(j) + y]gj) (9))2  ibility measures used are average normalized estimation er

. } . . ror squared (ANEES) and noncredibility index (NCI) [24].

r,(j) = \/(y,ij) (1)2 + (y,g-” (3))2 + (y,i-” (5))? All results below are averaged ovigi0 Monte Carlo runs.

u}(c_j) _ y,gj)(l)/m(f) All filters are initialized with

v,(cj) = (j)(3)/r](cj) j==49,48,---,0 Xojo = Xo, Pojo = Po
(0) _ (1) _ (0) _ and
b 9+ /-@’ g (9 +£)’ i
VE) =Y £ [((94 £)C)2iy i = 1,2, ,9 Xo = 3300km 600m/s 3300km 600m/s
Y, = [Xl/c\k—lv Oa 07 O] Cy = d|aqu\k laarv 0'12u 012;) 3300km GOOm/S ]/

Py = diag(10*m?,100m?/s?, 10*m?, 100m? /s,
10*m?,100m?/s%)

ou =0y, =0, =102 ¢f =q] = qi, = 0.05m/s*

And correspondingly,

Chiny ~ Z BV :6) — Xyo1) (= = 2s)
J==9 Figs. 1 through 4 show comparison results for the case
S( 3) Z __9 — D) (24 () _ 1) with o, = 100m (case }. In this case, the range measure-
J ment accuracy is the poorest among all three cases. From
the simulation results, it can be seen that in terms of both
RMS position and velocity errors, there is no significant dif
Z,Ej) = :v,(f) y](cj) (.7') K ference among CM1KF, CM2KF, UF and LMMSE. LMM-
W) (J) Do) SEw has the smallest RMS position error. In terms of F\_’MS
w (1) + 1 V7 (8) +uy Vi (7) velocity error, LMMSEw outperforms all the others during
)(7) (J)( 8) steady state but is worse than all the others during transien
It terms of filter credibility, all filters are credible.

where

<7>y<ﬂ>< > .

Remark: Other moment matching techniques [22], e.qg. 8 - - —CM2KF ]
- = LMMSE

DD2 [3], can also be used to replace UT. —+— LMMSEwW

5 lllustrative examples

In this section, we compare performance of the propose
recursive LMMSE filter with measured}” (LMMSEw),
the proposed recursive LMMSE filter without measuagt
(LMMSE), UF, converted measurement Kalman filter witr
CM1 (CM1KF) [20] and converted measurement Kalmai 3t
filter with CM2 (CM2KF) [20] in terms of estimation ac-
curacy and credibility through numerical examples. Excey 0 10 20 30 20 50
LMMSEw, all the other filters are assumed to have no acce
to the measured;”.

Consider the following three-dimensional discrete-timeigure 1: RMS position error comparison for case 1. Note
constant velocity (CV) motion model [23] of a target that UF, CM1KF, CM2KF and LMMSE essentially overlap

with each other except that CM1KF is slightly worse than

RMS position error(km)

X =Fr 1 X1+ Gr_1Wi_1 the other three.

where Figs. 5 through 8 show comparison results for the case

_ with o, = 10m (case 3. In this case, the range measure-

=lar @ ye 9 2 Z ), Xo~N(Xo,P))  ment accuracy is relatively better. From the simulation re-
= dia gﬁ-‘ F.F), Gy = dlag(g Gg,G) sults, it can be seen that in terms of estimation accuracy,

T2/2 CM1KF is the worst except it beats LMMSEw in veloc-

= { ] [ T } , T'=10s ity slightly during transient. Our LMMSE beats CM2KF

clearly but beats UF only slightly. In terms of RMS veloc-

Wi ~N({ 0 0 0], diag((g)% (¢1)% (47)?)) ity error, there is no significant difference among CM2KF,
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Figure 2: RMS velocity error comparison for case 1. Note Figure 4: NCI comparison for case 1

that UF, CM1KF, CM2KF and LMMSE essentially overlap
with each other.
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Figure 5: RMS position error comparison for case 2. Note

that UF and LMMSE essentially overlap with each other ex-

Figure 3: ANEES comparison for case 1 cept that LMMSE is slightly better than UF.

UF and LMMSE. Our LMMSEw beats all the others Sigjon accuracy to those of CM2KF and UF, its filter credibil-
nificantly in RMS position error. In terms of filter cred|b|I—ity is much better.

ity, CM1KF is far from credible. (The ANEES and NCI of

CM1KF are not shown because they are much larger thﬁn conclusions

those of the other filters.) CM2KF is barely credible and a
the others are credible. For a scan-while-track surveillance system, such as a ghase

Figs. 9 through 12 show comparison results for the caagay radar, the available measurements are usually range
with o, = 1m (case 3. In this case, the range measureand direction cosine. To track the state of a moving tar-
ment accuracy is the best. From the simulation results,giét described in the Cartesian coordinates, one existing ap
can be seen that in terms of estimation accuracy, the differoach is to convert the range and direction cosine measure-
ence between CM1KF and all the others is increased a foént model to Cartesian coordinates so that the converted
when compared with case 2. measurement model takes a pseudo linear form with respect

Over all three cases, it can be seen that in terms of both &sthe state, but it has some serious drawbacks. The main
timation accuracy and filter credibility, LMMSEw beats allifficulty to develop a recursive LMMSE filter for this type
the others. Considering both this performance improvemaeritproblem stems from the lack of direct measurement of the
and simplicity of the recursive LMMSE filter with measuredhird direction cosine. For the case when the third directio
wy, itis highly desirable to have;” in the same way (sig- cosine can be directly measured, we have proposed a neat re-
nal processing mechanism) &% andv;* in (1) and (2) in- cursive LMMSE filter; otherwise, by constructing a pseudo
stead of using the pseudo measurement in (6) in the phasshsurement of the third direction cosine, we have also pro-
array radar. Although our LMMSE has very close estimgosed a slightly more complicated recursive LMMSE filter.
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Figure 6: RMS velocity error comparison for case 2. Note
that UF, CM2KF and LMMSE essentially overlap with each

other except that UF is slightly better than CM2KF anc

LMMSE is slightly better than UF.

ANEES

18

1.6

UF
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Figure 7: ANEES comparison for case 2

Illustrative numerical examples have shown that in terms of
credibility and accuracy, the proposed filters are preterre 6]
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